Since the 1990s chaotic cat maps are widely used in data encryption, for their very complicated dynamics within a simple model and desired characteristics related to requirements of cryptography. The number of cat map parameters and the map period length after discretization are two major concerns in many applications for security reasons. In this paper, we propose a new family of 36 distinctive 3D cat maps with different spatial configurations taking existing 3D cat maps [1]-[4] as special cases. Our analysis and comparisons show that this new 3D cat maps family has more independent map parameters and much longer averaged period lengths than existing 3D cat maps. The presented cat map family can be extended to higher dimensional cases.
images [2] , e.g. bulk data nature and high correlations between pixels. Consequently, numerous chaotic encryption algorithms have been proposed in literature based on various principles [2] , [6] [7] [8] . Among these applications, Arnold's cat map and its variants are commonly employed as a fundamental building block for data encryption [1] [2] [3] [4] , [7] , [9] [10] [11] , watermarking [12] , and pattern recognition [13] .
Arnold's cat map [2] , [14] is a discrete chaotic map named after Vlamimir Arnold. Specifically, it is erogdic and mixing, a C-system, a K-system and a Bernoulli system [14] . Mathematically, Arnold's cat map is defined in Eq. (1) x n+1 y n+1 = C x n y n mod 1
where the transform matrix C is defined as
In order to achieve higher map randomness and thus a more secure cryptosystem, the cat matrix C of Arnold's cat map is commonly replaced by Eq. (3), where new parameters help increase key spaces to resist brute-force attacks and longer averaged period lengths help improve map randomness to resist statistical attacks.
Based on Eq. (3), many efforts [1] [2] [3] [4] are put on designing 3D cat maps to further increase the parameter space and map randomness. However, we notice that 1) they failed to consider all possible spatial configurations of a 3D cat map; and 2) their 3D cat map matrix elements are designed in more correlate rather than independent to each other.
In this paper, we propose a new family of 3D cat maps with improvements on existing 3D cat maps [1] [2] [3] [4] . This new family contains more parameters with longer averaged period lengths and taking these commonly used 3D cat maps as special cases. The rest of the paper is organized as follows: Section II reviews four existing 3D cat maps; Section III introduces our algorithm for generating the new 3D cat map family; Section IV analyzes the averaged period lengths of the proposed 3D cat maps with other 3D cat maps; and Section V concludes the letter.
II. EXISTING 3D CAT MAPS
Based on the parametric 2D cat map in Eq. (3), Lian et al. [1] proposed a parametric 3D cat map C 3D L in 2003 by extending 2D cat map in zx plane and yz plane.
Later on, in 2004 Chen et al. [2] proposed a family of parametric 3D cat maps defined in Eq. (5) by composing three fundamental parametric 3D cat maps on xy and yz and zx planes defined in Eqs. (6), (7) and (8), respectively.
Based on Chen's cat map, Liu et al. [3] proposed an improved 3D cat map C 3D U in 2008 by introducing new parameters c and d as shown in Eq. (9)
Recently in [4] , Pan et al. introduced their 3D cat map C 3D P based on Chen's method, but in a different formulation from Liu et al. 's.
It is worthwhile note that all these cat maps satisfy the condition that the determinant of 3D cat matrix is 1, i.e.
III. A NEW FAMILY OF 3D CAT MAPS
One common feature of existing 3D cat maps [1] [2] [3] [4] that they are all extended from the 2D cat map
, which is indeed a general form of 2D cat but only one out of four possible spatial configurations as shown in Eqs. (11)- (14):
As can be seen, these configurations are inequivalent to each other in general because none of them has the unitary element located in the same position. However, spatial configurations are fail to be considered in previous 3D cat maps [1] [2] [3] [4] .
Meanwhile, we also notice that constructing 3D cat maps by directly extending the 2D cat map C 2D para as done in [1] [2] [3] [4] is not necessary, because all what we need is to construct a 3 × 3 matrix C 3D with the constraint that its determinant is 1 [2] . In other words, we are looking for a 3 × 3 matrix C 3D W with the symbol set S = {a, b, c, d, e, f, g, h, i} as shown in Eq. (15) whose determinant satisfies Eq. (16) .
We describe a general solution to the above constraint problem in Algorithm 1. This algorithm is able to generate 36 spatial configurations specified by parameter u and m for 3D cat maps, each configuration with six other independent parameters controlling cat matrix elements.
Wum is a 3D Cat matrix with C 3D Wum = 1 1. Set symbol S u to 1 and compute the target determinant aei + bfg + cdh − ceg − bdi − afh = 1 by substituting S u = 1 2. Form the four symbols in the positive or negative diagonal containing the unitary symbol S u to set 
We then obtain a symbol set F = {e, i, f, h} for those either along the positive or the negative diagonal containing the symbol S 1 ; and collect all terms containing symbol F m = F 1 = e on the left side of the equation, leaving all the other terms on the right side, namely
Next we set the coefficient term of symbol e to 1, i.e. i = cg + 1, and the simplified equation implies that
And we finish the 3D cat map construction, because C 3D W11 in Eq. (17) is already of a 3 × 3 matrix with determinant 1.
The other three variants with unitary element a = 1 of the 3D cat map family are shown below:
In general, a symbolic 3D cat map of the possible 36 spatial configurations can be easily obtained in a similar manner by feeding different us and ms in Algorithm 1, each configuration contains six independent parameters like those in Eqs. (17)-(20). Therefore, each new parametric 3D cat map is associated with eight independent parameters, two controlling spatial configurations and six controlling matrix elements.
Consequently, this new family of 3D cat maps have more parameters but less correlated matrix elements than existing 3D cat maps [1] [2] [3] [4] . Detailed comparisons about parameters and matrix elements between different 3D cat maps are summarized in Table I . It is worthwhile to note that the proposed 3D cat map family includes previous 3D cat maps [1] [2] [3] [4] as special cases as shown in Table II For verification, simply substitute these parameter values in C 3D
W12 . And we obtain elements a = 1, e = bd+1 = ab+1, and i = cg+fh−bfg−cdh+bcdg+1 = cd+(bc)(abcd)−abcd−cb(abcd)+acbd+1 = cd + 1, which are indeed the three corresponding elements of C 3D P defined in Eq. (10). 
Meanwhile, the new proposed 3D cat maps can be extended to a more general case simply by multiplying 3D cat maps with interested configurations. In general, we can construct such a mixed 3D cat map C 3D Ws as shown in Eq. (22), where s um is the indicator function for configuration (u, m) defined in Eq. (23). In this way, we are able to construct a more general 3D cat map with 36 new indicator parameters {s 11 , s 12 , s 13 , s 14 , s 21 , · · · , s 94 }.
Wum is interested 0, otherwise (23) IV. SIMULATION RESULTS In many applications [2] [3] [4] , a 3D cat map is used over a module N as a finite state system shown in Eq. (24), where the vector [x t , y t , z t ] T and [x t+1 , y t+1 , z t+1 ] T denote the discrete spatial coordinates at the time t and t + 1, respectively.
The period length of this 3D cat map can be defined in Eq. (26), where I is the 3 × 3 identity matrix. Since any orbit in a finite state system is periodic, the system randomness can be largely reflected by averaged period length. And it is desired to have a 3D cat map with longer period lengths [15] . In regarding to the randomness of 3D cat maps, we perform the following comparisons on averaged period lengths using computer simulations. Specifically, we test six 3D cat maps
W12 and C 3D Wum , and measure the period length of each cat map with a random set of parameters. Repeat this experiment 10,000 times and calculate the averaged period length for a 3D cat map under the module N denoted as P N (C 3D ) defined in Eq. (26).
where C 3D j is the jth randomly generated C 3D matrix. Simulation results of these averaged period lengths for N = {10, 20, · · · , 100} are given in Table III and Pan et al. [4] as special cases. It also outperforms these maps by providing more independent parameters and longer averaged period lengths. Both improvements on 3D cat maps are very meaningful for enhancing the security of chaotic cryptosystems and image encryption algorithms [1] [2] [3] [4] , [7] , [9] [10] [11] . A 3D cat map based system using new proposed 3D cat maps will have a larger key space to resist brute-force attacks and a longer averaged period length to resist statistical attacks. The presented framework is "universal" and allows extending to higher dimensional cat maps [8] , [16] .
